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The status report of which this i s  an abstract gives in 

abbreviated form the results of the research done by Tomlinson 

Fort of Emory Universi ty under N .A .S .A . p a n t  

/ & Y E 7  
First,  puttirip; rather weak restrictions on IQ( z) , q2( 31, - 

an intensive study has been made of the series 

0 r e rj+l ---+ OQ S h j ( z )  = r4(z)  + s . ( z ) i ,  

and r(e) monotonically increasiw with x1 

J 
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Status Report b~ Toxnlinson Fort for period December 1 1963 

t o  June 1 196L on research done under M.A.S.A, grant made 

to Emory University. -- -I__-- -' 

-- -- 
----- -- -- 

The title of the project i s  

"DIFFER.XNCE EQUATIONS WITH VARYING DIFFT3F;NCE; IBJJTER- 

VALS ANI) DIFFERENCE EQUATIONS AIJJI DImRFHTIAL 

EQITATIOWS WITH ALMOST PEXIODIC COBTICIENTS ol' 

1, General 
s. 

This research has been aimed primarily at  the difference 

equations (1) below and at  the more general system of equations 

'Let h(z) be a function to  be restricted somewhat as the 

demands. We also define a sequence of functions as follows: 

hl,(") = h(z) 

h2(z) = h(z) + h(s  + h(z ) )  

hg(z) = h(z) + h(z + h(z) )  + h(z + h(z)  + h(z + h(z ) )  

a . o ~ o a ~ o e o o o  

h k z )  * h(z) + hn 
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2 -  

We assume p,(e) & 0 and po(z) i! 0 i n  the portion of the plane 

Considered. 

by z + h(z)  in y ( z  + h 

We note that to get  y( z + h (e) )  we renlaco z 
j 

( 2 ) ) .  j -1 

The linear system above referred to is  

1 have done a Ereat deal of work and have made considerable 

progress toward hulldinp; a satisfactory theory of equation (l), 

So far as I know t h i s  i s  a new f i e l d ,  The l a s t  word on it 

probably never w i l l  be written, 

theorems are stated. Usually, for the sake of brevity, pmofs 

In the report which follows 

are not siven. I xnderstand that brevity i s  desired by the 

management of NASA. I have 'found some of the theorems difficult 

and have taken a great deal of t i m e  i n  t h e i r  discovery and proof, 

It is planned t o  submit the material in this report d t h  

d e t a i l e d  proofs t o  one of t h e  A M e f i C a n  journals of mathematics, 
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First! In order to treat equation (1) it i s  necessary 

to develop proper tools, 

found is ( 5 )  below. 

The most useful tool  that  I have 

A most useful special form of ( c )  is 

( 3 )  These series Ere of interest in themselves arid much 

of t h i s  report i s  Tiaen t o  their study. 

We nuw write i n  place of (3)  

l k  sha l l  fo r  the prssent concentrate on ( 5 )  below. 



t 

In order for ( 5 )  t o  be meaningful it is, of course, necessaqy 

t o  restrict cn(qpt q2, 

adopt similar notation w i t h  other functions. 

e o ) .  W9 shal l  wr5te t h i s  c n (q) 2nd 

We shall frequently have occasion t o  refer t o  

We l e t  z x + yi. where x and y are real and i the 

imaginary unit, 

P (2) and s (2) a re  real, W e  require that r (2 )  

r . ( z )  -96s when j * C O ,  and we sometimes require %ha*, 

s .( z)!r (e)  --a 0 uniformly over the region considered, and 

that r *( z) be monotonically increasing in x. 

We also l e t  q (2) r (2) + s (e) i where 3 s 3 
0 and that s 3 3 

3 

3 3 

b 
There i s  a relation between hn(z) - -  and hn ,(z) - of equa- 

This relation -- does not necessarily d s t  bettreen 

--- 
t ion  (1).  

g(z) and ~ - ~ ( a ) .  To emphasize this point the letter - tlhn --- 
was changed t o n c o  

equation - (1)  

In section 3 we re turn t o  the t'htl of 
e--- - - - -- 
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Theorem 1. Let xo 0. 'In c a m z  (yo + s. (z ) )  !(xo + r . ( z ) )  
3-1 3 J 

converges uniformly to a bounded function over the half-plane 

x 2 xo then 

(i) n O  
x xo and 

(ii) 

b ( z  z )  remains uniformly bounded over the half-plane 

ziven any two positive constants a and b and nositive 

integer m there exists a corresponding m:mber N, independent 

of z such that  over the half plane x 2 xo 

Theorem 2 ,  

constants and m a positive integer, 

Let A bn - bn+-L - bnY also le t  a and b be positive 

If 
aQ 

[yo 4. ~ , ( Z ) ] ~ / [ X ~  4 ~ ~ ( z ) ] ~  
n-1 

converges uniformly over the half-plane x 

then 

xo to a bounded function 
30 

Id bn(zos] is uniformly bounded over the sectorial  
n-1 

m region defined by y - yo 1: [a(x - xo) + b](x - xo) and x 2 xo I 
Theorern j0 If xo 0 then A bj( zo, zo) rerxxins un5- 

0 <2 "0 formly bounded over the s e c t m -  defined by x x and \y - yo\ /x 
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tan 9 where 0 i s  a f i x e d  Wit ive  angle less than v2. 

A region from which circular neighborhoods, with 

posit ive m i n i m  r:idius, of all those points at uhich 

z -+ q;( z) = 0 for my 3 are removed i s  called a deleted 
d 

region. 

Theorem h, If ( 6 )  converges uniformly over the deleted 

sectorial  region, X, defined by x 2 xo and y = yo 1 /(x -= xo) e tan Q 

where 8 is any f i x e d  positive angle then ( 5 )  converges urd- 

formly over R also " 

uniformly t o  a bounded function and if (6) converges uni- 

formly over the deleted  region S defined by x 2 xo and 

I y  - yo]: [a(x - xo) + b](x - xo) where a and b are any 

positive constants and m any positive integer then ( 5 )  con- 

m 

verges uniformly O V O ~  S also. 

Theorem 6. If ( 5 )  converges absolutely at s - eo and i f  
68 

no1 
[Po + s,(e) j2/[x, + rn( a )  I* converges uniformly t o  a 

Cn( 9( 20) 1 
Cn( q( 4 ) 

bounded h m t i o n  and i f  .g M then ( 5 )  converges ab- 

solutaly uniformly over the half-plane deftned by x 2 xo 



Theorem 7. If (6) co solutely a t  zo then ( 5 )  

converges absolutely u 

region defined by x 2 - x 

over the d e l e t e d  sectorial 

Theorem 8, If m i s  a positive inteeer 

where s m + 1 convergeuniformly over 

x 2 xo and diverges bihen x 2 'm then ( 3 )  

gP 

same points as does cn egn where 
- n=9 

The two series also converp;e absolutely 

In case the a i s  are constwits and J a3 
cn e@ is  a DTrichlot series. 

n i l  

3,  'hamformatiofis o f  Series 
-L_ 

Series of type ( 5 )  are, of  course, 

4s 
and if' 5 - q  S 

j x l  5 

the  half-plane 

converges at the 

at the same pointx. 

rn - 1 than 

subject to classical 

theorems on absolute and unifom coriverffence. 

In t h i s  section we shal l  assume absolute convergence and 

than when z is  real h ( z )  is  real and posit ive and h 

also tliat 60 h,c-zT 1. is divergent. 

- h 2 0 3+1 5 

n=l  
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(a) Step-up theorems 

Theorem 9 c  Lot k > l be an inteqer. L e t  

where 

and in general 

We thus have addition21 representations for F( z) 

Notice the return t o  the letter 91hgt which is subject to 

the d e f k i t i o n  vlnittsn at the beginninE of this report, 

(b) Step-down theorems 

Theorem 10, If P ( B )  is  given by (8) then it is also given by (7). 

Theorem 11, If 
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then also 

This sten-dvm process can be repeated, 

(c) Nultiplication 

The discovery and proof of a satisfactory muS.LipLica- 

tion theorem was the  most d i f f i c u l t  thinp; i n  t h i s  resealpcfi,, 

Theorern 12, Let 

then 

where 
n 

1% 2s to be noticed that Bn depends upon %., a2, ace, an. 

and h, not, the b * s  and not z except t h x u g h  h and the a ' s ,  
3 
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. 
If the a's and h are constants with reference t o  z then so 

are the c's. 

or" -ho functions rensesented by series of type ( 5 )  ca:1 be 

represented by another seyies of +,he same t ype .  

that the product oi' two functions gtven by f a c t o r i a l  seri-es 

can be -L.erwesonted by a factorial series, a known result. 

Our theorem then states t h a t  the product 

In p r t i r : u l a r  

when x + &S then a,(h) 4 0 ,  

so General Existence Theorem 

T !eorem lb,, 

and monotonically kcreasing i n  x, 

c, and i n  the complex plane draw the  l i nes ,  x 

x = c + h2(c) 

Let h(:) = h(x)  be m a l  and cont imom, posit ivc 

If we choose sny real r n m b e ~ ~  

c ,  x = e .b hl(cI3 

x a c 9 h,(c) + e.o , Then in t he  bands 

c + h (e) 5 x C c + h2(C),oea c + bnmI(c) 
C $ X <  c 4. %(c), 1 
5 x e c + h (c) 

c o e f i k i e n t s  i n  (9) a r e  defined when x 2 e ,  "cero exi.sts O ~ E  

assZgn y arbitrarily. Then, pro-dded the n 
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and only one solution of 11:) in t h e  half-plane 

has the values just  assigned i n  t h e  n bands as 

termined 

As E matter of f ac t ,  t he  requirement - t ha t  
L- - ---. - 

x 2 c,  which 

above de- 

and positive - i s  unnecessarily - qes t r ic%ive .  

give us a p i c t u r e  of bands similar -I_ t o  the p i c t u r e  usudlgr 

considered when h 5 1, which i s  t h e  case i n  the ordinaxy 

dif fwence - equation e 

Kmrever, -- it does - 
- -- -- u -. 

--- ------ 

6 .  A Particular Sol~iition of the Non-hsmoyeneous - -c-- 

The s e r i e s  which we have discwsed in t h i s  report gre 

of interest i n  themselves and doubtless hive many i n t e r e s t i n g  

appllcations 

difference equation with varying d i f fe rence  i n t e r v a l s  as ex- 

Dlained i n  sec t ion  1 of t h i s  Daver. 

We proceed t o  aprly them t a  t h e  non-homogeneous 
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where 2 

t ha t  the series are absslutely converqent when x 2 xo. 

We assume R 6 0 and p,(z) p 0 a t  any point when x I ;  lug" 

. . 0 9  a. arc bounded i n  z ,  We assme, mcrao%-es, -3, 

Theorem 1s0 

i n  the form (10) when x 2 - xoo 

Equation (3) has a unique solution expreas'ible 

The general idea of the proofnis t o  assume y an alxd.ut.jly 

convergent series of the form (lo), apply step-up and step- 

d m  and m l t i p l i e a t i o n  theorems. Tlen apply the  meLho,d of 

undetemiDed coefficients cons is ten t  with Our uniqueness 

theorem. We obtain a formal solution, to show t h a t  - t h b  

formal solution convereos absolutely we set up o. rnaj3ran-b 

series as is frequently done in analogous cases in classical  

mathematics 

If this process is applied t o  the honioqensous equation, 

we get y 9 0. 

7 Gm?i-al Periodic m n c t i  om -- 

4 function P(z)  %:ill be called general periodic i f  when 
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2 x 0  

P)s)  = P(z + hl(S))  P(z + h2(~)) za P ( z  + h3(Z)) = 0 . Q  

It seem that such functions w i l l  have a large theory. 3: 

have not developed t h i s  as yst. 

8, Genwel Theory of the Homogeneous Linear Equation -- - u_ 

I& consider equation (I) with R 0, name1.y 

It I s  imediate  that any general peyiodic function i s  a 

solution of (11) i f  

p o w  * P,(Z) 4- . O O  + P n 1 4  = 00 

It i s  also inmediate that  if y( z) is any solution 03 (13.) 

and ~ ( z )  any general peyiodfc function then v(z)y(z) is a l s o  

a solution of (11). 

If we apply our general existence theorem to (11) ve can 

exhibit as many so~utiona as we k6sh. 

of Casorati for ordinary difference equations goes over. 

we cal l  f’unctions, ul( z ) ,  

exist j general periodic functions vL( z) 

kJe find that the theorem 

First 

, ., u .( a )  linearly dependent if there 
3 

, v . ( a )  such that 
3 

v,fz)u,(z) + v,(zja,(z) + + v.(z)u.Qz) Y 0 
3 9  

aver the portion of the  complex plane. considered, 



9 e  "Ice G m a  Function -- 

If 

x 2 1 and where sunmation i s  taken fo r  t h e  values t - x, 
x + hl(z), x + hp(x)r o G o ,  x + hn(x) = b, then the re  exists 

a function not i ' en t i ca l ly  zero sa t i s fy ing  the  ye la t ion  (82) 

This funct ion can be ana ly t i ca l ly  continued over th3  ha l f -  

plane x > 0, If we re-place h( x )  by h( 2) where h( z )  is 

analytic and h(z)  real when z i s  real, then t h e  ana ly t i z  

funct ion of z w i l l  satisfy (12). 

If y(z) satisfies (12) then so does v(z)y(z)  where 

v(z) is  p n e r a l  Deriodic, 

18. Analytic Solut ions of  the Homogeneous Equation - - -  

If t h e  coe f f i c i en t s  of (11) are  analflle over sove re- 

gion, R, i f  h(z)  i s  ana ly t ic  over R it is  des i rab le  to prove 

t h e  existence of ana3yti.c so l r~ t ions  and t o  get a series or 

other ana ly t i c  re r ressn ta t ion  for such functions h e n  if 

a l l  i n i t i a l  values bc'lang t o  one ana ly t i c  function, OUF 
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generzl existence theorem will not, i n  general, y i e l d  an 

ana2ytA.c function 

Progress has bean made on this problem, If the 

coef f ic ien ts  p,( z) a pn(z) sro given by s e r i e s  of the 

form (lo) then a necessary form for  a fundamental system 

of solut ions has been found. I am confident t h a t  f-mthsr 

work znd perhaps f u r t h e r  res t r ic t ions will  prove L3a-t 

these ser ies  really are solutions.  

Emory University 

A t  lant a, Geor gi a 

May9 19611 


